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1 1 9
C H A P T E R  V I  I  S U M M A R Y  A N D  C O N C L U S I O N S
I n  t he  I n te rac t i ng  Boson  App rox ima t i on  ( IBA )  Mode l  as  p roposed
b y  A r i m a  a n d  I a c h e l l o l )  u  n u c l e u s  i s  d e s c r i b e d  a s  a  s y s L e m  o f  m u t u a l J y
i n c e r a c t i n g  b o s o n s .  A  b o s o n  c a n  b e  e i t h e r  i n  a n  L  =  0  ( s )  o r  i n  s n
L  =  2  ( d )  s t a t e .  F u r t h e r m o r e ,  s i n c e  t h e  b o s o n s  a r e  t h o u g t h  o f  a s
c o l l e c t i v e  s l a t e s  o f  n u c l e o n  p a i r s ,  t h e  t o t a l  n u m b e r  o f  b o s o n s  ( s  a n d
d )  i s  a  c o n s e r v e d  q u a n l i r y .
T h e  I B A  H a r n i . l t o n i a n  c a n  b o  r e g a r d e d  a s  a  g e n e r a l  t r a n s . [ o r m a L i o n
a c t . i n g  o n  a  s i x  d i m e n s i o n a l  s p a c e ,  s p a n n e d  b y  t h e  s - b o s o n  a n d  L h e
f i v e  c o n n o n e n f s  n f  t h c  d -  l e a v i n p  t h e  r o t a l  n u m b e r  o f  b o s o n s  i n v a r i a n l .
C o n s e q u e n t l y ,  t h e  g r o u p  s L r u c t u r e  u n d e r L y i n g  t h e  l B A - m o d e t  i r  U ( 6 ) .
I n  c h a p t e r  2  w h e r e  t h e  m a c r o s c o p i c  a s p e c t s  o f  t h e  r n o d e l  a r e  d i s c u s s e d , t h i s
symmet r y  assumes  a  cen t ra l  r o1e .
l n  t l r e  U ( 6 )  g r o u p  t h r e e  d i F f e r e n t  c h a i n s  o f  s u b g r o u p s  c a n  b e  d i s -
r i n o , , i c t , o . l  . i f  ^ ^ o  . . . , , i - . .  r h r r  o r ' 1 )  ( " . . g u l a r  m o m e n t u m ) b e  a  s u b g r o u p .- "  
: . ' . . -
l n J e  l a b e l  t l r e  L h r e e  d y n a m i c a J - '  s y , r n m e L r i e s  b y  t h c  f i r s t  s u b g r o u p  o f
1 \  4 \  5 )
v a c l r  c h a i n ,  S U ( 5 ) - ' ,  S U ( 3 )  '  a n d  0 ( 6 ) - ,  r e s p e c t i v e l y ,  T h e  s o l u t i o n s
fo r  t hese  t h ree  l im i t s  show  many  s im i l a r i t i e s  w i t h  t h ree  d i f f e ren t
c a s e s  i n  t h e  g e o m e t r i c a l  p i c t u r " 6 ) ,  n m " 1 y  t h e  a n h a r m o n i c  v i b r a t o r ,
r he  ax i a l l y  symmet r i c  de fo rnned  ro to r  and  t he  ganma-uns tabLe  mode l ,
r p q n p c t  i r r e l  v -  I n  c n n l r a s l  f o  t h e  s e o m e t r :  ' ^ 1  - i  ^ 1 " * ^  ! L ^  - L - e e  I  i m i t sr ( r t , ( L L r ! L r J .  r  P r L L u L s
i n  t h e  L B A - m o d e l  a r e  r n e r e l y  s p e c i a i  c a s e s  o f  a  m o r e  g e n e r a l  H a m i l t o n i a n
' ' r '  j  - L  ^ ^  L  r i ^ ' ^ - ^ l i z p d  n r r m c r i c e l  l v .  T h e  I B A - m o d e l  c a n  l l r e r e f o r eu <  u , d l i u i l d  r L d , , J .  r
- . ^ " i , J a  1  A a r l  i  l a . l  . l s s q r j p t i o n  n o t  o n l y  a t  t l r e  l i m i t s ,  b u t  a l s o  f o r
i n t e r m e d i a t e  c a s e s .  F o r  t h i s  p u r p o s e  a  c o m p u r e r  p r o g r m " ,  P H t N T ,
h a s  b e e n  w r i t t e n .  C a l c u l a t i o n s  f o r  t h e  S m  i s o E o p e s 8 )  , r .  s h o w n ,
j l  l u s L r a t i n g  t h e  t r a n s i t i o n  f r o m  a n  S U ( 5 ) - t y p e  o f  s p e c t r u n  t o  a n  S U ( 3 ) -
l i k e  s p e c t r u m ,
I n  t h e  t h i r d  c h a p L e r  t h e  m i c r o s c o p i c  a s p e c t s  o f  t h e  m o d e l  a r e
d i scussed .  He re  t he  same  app roach  i s  t aken  as  i n  r e f .  9 .  The  IBA-
mode l  can  be  seen  as  an  app rox i r t r a t i on  t o  t he  she l l  mode1 ,  whe re ,
i n s r e a d  o f  d e s c r i b i n g  E h e  n u c l e u s  i n  t e r m s  o f  s i n g l e  n u c l e o n  d e g r e e s
o f  f r e e d o m -  i t  i s  d e s c r i b e d  i n  t e r m s  o f  d e q r e e s  o f  F r e c d , ) n  n f  c o l l c c t i v e
p a i r s  o f  n u c l e o n s ,  T o  f a c i l i c a t e  t h e  c a l c u l a t i o n s  t h e s e  p a i r s  o f
n u c l e c n s  a r e  t r e a t e d  a s  b o s o n s .  F r o r n  t h e  p r o p e r t i e s  o f  t h e  u n d e r ' l y i n g
nuc leon -nuc leon  i n t e rac t i on  f o r  l i ke  nuc leons  i t  t u rns  ou t  t ha t  on l y
J  =  0  (S )  and  J  =  2  (D )  pa i r s  need  t o  be  cons ide red  t o  desc r i be  t he
l o w - l y i n g  c o l l e c t i v e  s t a t e s .
120
T h e  d i f f e r e n c e  b e L v c e n  t h e  n e u L r o n - p r o t o n  i n t e r a c L i o n  c o m p a r e d
w i t h  t he  i n t e rac t i on  be t \ r een  l i ke  nuc leons  sugges t s  t ha t  i t  may  be
n e c e s s a r y  t o  i n t r o d u c e  e x p l i c i r t y  n e u t r o n  a n d  p r o t o n  b o s o n s .  T h e  m a j o r
pa r t  o f  t he  i n t e rac t i on  be tween  l i ke  nuc leons  i s  accoun ted  f o r  by  t he
h n c n n  o n a r o i a c  c  
" - d  e , .  W e  a l s o  s h o w  h o w  t h e  q u a d r u p o l e  t e r m  w h i c hs  d -  '  - -
- l  - , , -  -  J ^ - ; - - - F  - ^ 1 e  i n  f h p  n e l l f r o n - D r n r n n  . i n f c r a f t i o n  o i y e S  r i S e  t OP r d y J  d  q L L r u r r  6 ,  t L
a  s t r ong  neu t ron -p ro ton  boson -quad rupo le  i n t e rac t i on .
Th i s  mode l  has  been  app l i ed  t o  many  d i f f e ren t  cha ins  o f  i so topes l0 )
and  good  ag reemen t  has  been  ob ta i ned .  As  an  examp le  ca l cu l a t i ons  f o r
t h e  X e ,  B a  a n d  C e  r e g i o n l l )  . r "  s h o w n .  I n  r h e  n u m e r i c a l  c a l c u l a t i o n s
t h e  c o m n . i c r  n r o p r a m  N P B O S I ' )  n u .  b e e n  u s e d .
The  obse rva t i on  t ha t  i n  t he  ve rs i on  o f  t he  lBA -mode l  i n  wh i ch
n e u t r o n  a n d  p r o t o n  b o s o n s  a r e  d i s t i n g u i s h e d  e x p l i c i t l y  ( I B A - 2 )  t h e  c a l -
c r r l a f e d  l o w - l v i n p  s 1 - a f e s  a r e  s f f i e t r i c  i n  t h c  n e r r t r o n  a n d  n r o L o n
d e g r e e s  o f  f r e e d o r n ,  s u g g e s t s  t h a t  a  r e l a t i o n  c a n  b e  d e r i v e d  b e t w e e n
IBA-2  and  t he  o l de r  ve r s i on  o f  t he  mode l ,  IBA -1 ,  i n  wh i ch  no
d i s r i nc r i on  i s  made  be tween  neu t ron  and  p ro ton  bosons .  I n  chap te r  f ou r
a  p r o j e c t i o n  t e c h n i q u e  i s  p r o p o s e d  L o  r e l a t e  t h e  p a r a m e L e r s  o f  t h e  t w o
mode l s ,  Th i s  r e l a t i on  i s  impo r tan t  s i nce  f r om numer i ca l  po in t  o f  v i ew
t h e  I B A - l  m o d e l  i s  e a s i e r  t o  i m p l e m e n t  w h i L e  i n  t h e  r n i c r o s c o p i c
t r ea tmen t  t he  IBA-2  mode l  i s  mo re  t r anspa ren t ,  App l i ca t i on  t o  t he  Nd ,
Sm and  Gd  reg ion  shows  t ha t  t h i s  t echn ique  wo rks  r easonab l y  we l1 .
The  t heo ry  o f  odd -A  nuc le i  has  been  d i scussed  i n  chap te r  f i ve .
T l r e v  a r e  d e s c r i h e d  a s  n n  o d d - n a r t i e l p  p 6 " n l o J  t n  t h a  c v c t a m  6 f  5 -
F q r  u r v ! L
l 3 )
a n d  d - b o s o n s ' "  ( I B F A - m o d e 1 ) .  T h e  p a r t i c l e - b o s o n  i n t e r a c t i o n  r s
de r i ved  f r om the  neu t ron -p ro ton  quad rupo le  f o r ce ,  Two  t e rms  dom ina te :
a  pa r t i c l e -boson  quad rupo le  i n t e rac t i on  and  a  so -ca l1ed  exchange  f o r ce ,
T h e  l o r m e r  i s  c l o s e l y  r e l a f e d  t o  t h e  c o n v e n t i o n a l  p a r t i c l e - c o r e  i n t e r -
ac t i on .  The  l a t t e r  i s  new  and  can  be  re l a ted  t o  t he  f e rm ion  sen io r i t y
c h a n g i n g  p a r t  o f  t h e  q u a d r u p o l e  o p e r a t o r  f o r  t h e  o d d  p a r t i c l e .
I n  chap te r  s i x  t he  t yp i ca l  spec t ra  t ha t  can  be  ob ta i ned  when
coup l i ng  and  odd  pa rc i c l e  t o  an  even -even  co re  a re  shown ,  w i t h  co re
H a m i l t o n i a n s  c h o s e n  a t  e a c h  o f  t h e  t h r e e  l i m i t i n g  c a s e s ,  S U ( 5 ) ,  S U ( 3 )
a n d  o ( 6 ) .  I n  t h e s e  c a l c u l a t i o n . l 5 )  a h "  p a r t i c l e - b o s o n  i n t e r a c t i o n  w a s
v a r i e d  t o  s i r n u l a t e  g r a d u a l  f i l l i n g  o f  t h e  s h e 1 1  o c c u p i e d  b y  t h e  o d d
' . ^ *F i ^1^  TL^  ^ ^1^ " ra t i ons  show  tha t  t he  lB ! 'A -mode l  r ep roduces  cha rac -P o r L r L r E .
r e r i s t i c  p r o p e r t i e s  o f  t h e  s p e c t r a  o f  o d d - A  n u c l e i .  F o r  e x a m p l e ,  i n
t 2 1
L l r e  v i b r a t i o n a l  l i m i t ,  t l r e  f i r s t  e x c i t e d  u n i q u e  p a r i t y  l e v e I  h a s
s p i n  J  =  ( i - 2 \  i t  t h e  s i n g l e  p a r t i c l e  o r b i t  j  i s  n e a r l y  e m p r y ,
v e r s u s . l  =  ( j - 1 )  i f  t h e  l e v e l  i s  h a l f  o c c u p i e d .  I ' o r  a  p a r t i c l e
c o u p l e d  t o  a n  S U ( 3 )  c o r e  t h e  p r o p e r t i e s  o f  t h e  N i l s s o n  s c h e m e  a r e
r e p r o d u c e d  w h i l e  f o r  a  p a r t i c l e  c o u p l e d  t o  a n  0 ( 6 )  c o r e  t h e r e  a r e
: - : I ^ - i F i ^ ^  ' - " t l r  s i m i l a r  c a . l c u l a L i o n s  i n  t h e  o e o n e r r i c a l  m o d e ]
" i , I r r )  
J  l  r i r r
L o r  B 3 m r n a - u n s t a b l "  r r r . I " i 2 5 ) .  l t  i s  i m p o r t a n t  L o  n o t e  L h a t  a l l  t h e s e
e . . r - n l e s  A r e  n e r e l v  ^ - .  ^ : ^ l  . ^ ^  .  .  ^  - : - ^ l ^  u ^ - : r F . - i ^ -  r n  t l t e\  ^ ! r . . r P  L  J P r (  '  d
IBFA-mode1  i t  i s  t he re fo re  as  s imp le  t o  i nc l ude  i n t e rmed ia te  cases
as  i t  was  i n  t he  IBA-mode l  f o r  even -even  nuc le i .  As  an  examp le  ca l -
. . . r  ^ ,  :  . . . .  f  . -  r . . - ^ - i . . -  i ^ ^ c ^ - ^ ^  - * ^  - L , . - n  i n  w l L i c l r  t h e  s a n a r i u m  c o r e sL u r u P r u |  T D U L U P q T
v e r y . [ r o m  S U ( 5 ) - l i k e  r o  S U ( l ) - I i k e .  A n o t h e r  r s p e c t  o t  o d d - A  n u c l e i
i s  c h c  o c c u r r e n c e  o f  s u p e r s y m m e t r i e s .  T l r i s  f i e l d  i s  s t i l l  o p e n  f o r
f L r r L h e r  i n v e s r i  s a l i o . .  ^ -  r  "  c ^ -  I  "  ^  s  t h e  o c c u r r e n c e  o f  a' )  , u r  r s w  L a J q
I A \
r . ' - - - j ^ n 1  c r m m n +  F , '  h a s  b e e n  d e m o n s L r a L e d ' " ' .  l n  s e c t i o n  b . 2 , 4  t h i Su y r L d L L L ! L d r  r l L L u L L e L r J /  L r
i s  s h o w n  f o r  t h e  c a s e  o f  a  j  =  3 / 2  p a r t i c l e  c o u p l e d  t o  a n  0 ( 6 )  c o r e
b y  L h c  e x p l i c i t  c o n s t r u c L i o n  o f  t h e  g e n e r a t o r s  o f  t l r e  u n d e r l y i n c ,
g r o u p s .
Seve ra l  app l i ca t i ons  o f  t he  IBA- rnode l  have  ha rd l y  been  men t i oned
a t  a 1 l  i n  t h i s  w o r k .  T h e s e  i n c l u d e  i )  t h e  c a l c u l a t i o n  o f  n e g a t i v e
.  B . l 7 )p a r i c y  s t a l e s " ' " '  i n  e v e n - e v e n  n u c l e i  t h r o u g h  t h e  i n l r o d u c L i o n  o f  a
j  =  3  deg ree  o f  f r eedom,  i i )  t he  ca l cu l a t i on  o f  f o r r n - f ac to r s  f o r
e l a s t l c  s c a t t e r - i n g  s u c h  a s  ( e , " ' , l B ) ,  w l r i c l r  a f p e a r s  t o  b e  r a L h e r
s e n s i t i v e  t o  t h e  m i c r o s c o p i c  s t r u c t u r e  o f  t h e  b o s o n s ,  a n d  i i i )  t h e
c a l c u l a t j o n  o f  t h e  s p r e a d i n g  w i d t l r  o f  d e e p l y - b o u n d  h o l e  s L a t e s l 9 ) .
Ano the r  i n t e res t i ng  aspec t  o f  t he  IBA-mode l  i s  t he  re l a t i on
w i t h  t he  geome t r i ca l  mode l .  Re f .  20  shows  how  the  c l ass i cu l  r hup "2o )
o f  t he  nuc leus  i s  r e l a ted  t o  a  gene ra l  l t sA -Hami l t on i an .  Fu r t he rmore
p h a s e  t r a n s i t i o n s ,  a r i s i n g  f o r  e x a n p l e  i n  t h e  S n  a n d  C d  i s o t o p e s ,
c a n  b e  c a l c u l a t e d  c l g e b r a i " t l l y 2 l ) .
W e  c o n c l u d e  w i r h  a  I i s c  o f  s o m e  q u e s t i o n s  w h i c h  r e q u i r e  f u r t h e r
a t  t e n t i o n .
I n  t he  phenomeno log i ca l  IBA -2  ca l cu l a t i ons  t he  ad  hoc  i n t r oduc t i on
- .  ^  n r - : - - ^ - ^  . ^ - - ^  e n n c a r e d  f n  h e  n e c e s ^ ^ - . .  T L :  -  ! ^ - -  - i ^ t t  h a V eu r  d  i l d - l u r  o l p L u r  r ' \ L r r r a r j / ,  r r r r r  L E r i l '  i r r r 6 r r
i t s  o r i p . i n  i n  t he  om iss i on  o f  t e rms  i n  t he  Hami l t on i an  such  as  t he  mono -
p o l e  a n d  h e x a d e c a p o l e  c o m p o n e n L  i n  t h e  n e u t r o n - l r o t o n  i n t e r a c t i o n .
I t  m igh t  a l so  a r i se  i n  t he  e f f ec t i ve  i n t e rac t i on  f r om the  coup l i ng
o f  s t a t e s  i n  t h e  ( S - D )  s p a c e  t o  n o n - c o l l e c t i v e  s t a t e s .  F u r t h e r m o r e ,
1 . 2 2
a p p l i c a t i o n s  o f  t h e  r B A - H a r q i l t o n i a n  t o  t h e  P t  i " n t o p " . 2 2 )  s u g g e s r
t ha t  an  i n t r oduc t i on  o f  a  t e rm  cub i c  i n  t he  U (6 )  gene ra to r s  r n i gh t
i m p r o v e  r h e  f i t  c o n s i d e r a b ) y .  A  d e t a i  l e d  c o m p a r i s o n  w i t h  s h e l  I - m o d e l
e r l n r r l e t i n n e  m i o h h  . l r r i F v  c ^ m a  n f  t h o c o
- , . , - ,  p o r n t s .
S h e l l - m o d e l  o r  o t h e r  m i c r o s c o p i c  c a l c u l a t i o n s 2 S )  w i l  I  a l s o  b e
u s e f u l  t o  d e t e r m i n e  t h e  c o e f f i c i e n t s  c r .  a n d  3 1 r ,  d e f i n i n g  E h e  m i c r o -
J  . I J
s c o p i c  s L r u c t u r e  d f  t h e  s -  a n d  d - b o s o n .  T h e s e  a r e  o f  s p e c i i l l  i m p o r L a n c e
i n  L l r e  c a l c u l a t i o n  o f  q u a n t i t i e s  n r o r e  d i r e c t l y  r e l a r e d  t o  t h e  s i n g l e
n u c l e o n  d e g r e e s  o f  f r e e d o m  s u c l r  a s  f o r r r  f a c L o r s .  T h e s e  p l a y  a n  i m p o r t a n t
r o l e  i n  t h e  c a l c u l a t i o n  o f  o d d - A  n u c l e i  a s  w e l l .
Fo r  t he  appL i ca t i on  o f  t he  lBA -mode l  t o  odd -A  nuc le i  i t  i s  i n rpo r ran t
t o  t e s t  i n  d e t a i l  t h e  v a l i d i t y  o f  t h e  v a r i o u s  a p p r o x i m a t i o n s  m a d e  i n
d e r i v i n g  t h e  e x p r e s s i o n  f o r  f h e  p a r t i c l e - b o s o n  i n I e r a c t i o n  a s  u s e d  i n
t he  IBFA-mode l .  Fu r t he r  app l i ca r i ons  w i l l  r evea l  t he  ex ten t  t o  wh i ch
a1 l  impo r tan t  t e rms  have  been  i nc l uded  i n  t he  IBFA  Hami l t on i an ,  They
w i l  I  a l s o  s l r o r o  w h e t l r e r  t J ] e  c o u p l i n g  L ' f  a n  o d d  p r o t o n  i s  d e t e r r n i n e d
s r ' ) c l y  b y  L h e  n e u t r o n  q u a d r u p o l e  o p e r a t o r ,  a s  s u g g e s t e d  b y  f h c  m i c r o -
s c o p i c  t h e o r y ,  o r  r a t l t e r  t h e  m a t t e r  q u a d r u p o l . e  o p e r . l t o r ,  a s  s u g g e s t e d
f r o m  p r e l i m i n a r y  c a l c u l a t i o n s  i n  t h e  P l a t i n u n i  r e g i o n .
T h e  r e l a t i o n  o f  t h e  l B A - m o d e l  w i t h  t h e  g e o m e t r i c a l  d e s c r i p t i o n  h a s
n o w  b e e r r  s L u d i e d  b y  s e v e r a l  a u t h o r s S 0 ' 2 1 ) .  , h .  r e l a t i o n  o f  t h e  r B A  a n d
I  B F A - r n o d e l  s  w i t h  o t l r e r  b o s o n - t y p e  m o d e I q 2 3 ' l i )  i s  o n l  y  n o w  b e g i  n n i  n g
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